Abstract. A group A of automorphisms on a group G is said to be fixed-point-free, written f.p.f., if CoiA) = {g&G\ga-g for all «Gi }=7 It has been shown by E. Shult that if A is an abelian f.p.f coprime group of automorphisms of order n=pil • • • pfyon a solvable group G, then the nilpotent length of G is bounded above by <p{n) = 2~LÍ-i a< unless |G| is divisible by primes q suchthat q" + l =d where d divides the exponent e of A. F. Gross has removed the exceptional condition on the prime divisors of \G\ when A is cyclic of order p", p an odd prime. In the case where A is noncyclic of order p2, the author has also removed the exceptional condition on the prime divisors of \G\.
iK«) = Z£-i <*<• F. Gross [3] has removed the condition on the prime divisors of I G\ when A is cyclic of order pa, p an odd prime. In this paper, we do the same when A is noncyclic of order p2, p an arbitrary prime. This result has already been indicated-without proof-by Kurzweil [5] . It should be pointed out that the author has found a counterexample, in the case where A is noncyclic of order p2, to Theorem 4.1 of Shult [6] when the exceptional condition on the prime divisors of | G\ is removed.
Preliminaries.
All groups under consideration are presumed to be finite.
A group 77 is said to be an operator group on a group G if there is a homomorphism <j>:H-yA(G) where AiG) is the automorphism group of G. In short, we say that 77 is an operator group of G. Let fuj) he the image of h under <j>. We denote the image of g under hep by gH, or simply by gh when we suppress the operator notation. We denote the kernel of the representation as CH(G)= {hEH\gh=g for all gEG}. Also, we set C0(H) = {gEG\gh = g for all Ä£JJ}. JJis said to be fixed-point-free on G, written f.p.f., if Cq(H) = J.
We use the following results.
Lemma 1.1. Let Abe a coprime operator group on a solvable group G. Then, there is an A-invariant Carter subgroup of G. Lemma 1.2. Let A be an abelian regular group of automorphisms on a group G. Then, A is cyclic. 2. Main results. Hereafter, we shall always denote a noncyclic group of order p2 as a group of type (p, p). Recall that if G is a group, then 0q(G) denotes the largest normal subgroup of G which is a qgroup, q a prime. Proof. We may assume that F is a splitting field for all subgroups of G.
Let W be an irreducible G-submodule of V. Since Cw(M) ^ Cy(M), it suffices to consider the case where W=V. Now, it follows that if U is an irreducible Af-submodule of V, then U=Fu since F is a splitting field for all subgroups of G and M is abelian. Now, if U< V, then we have by Satz 17.10, Chapter V in Huppert [4] , that V = ©E<"o_1 Fua\ But, this means that x-E?-o ««'^0 is fixed by a, a contradiction to CV(a) = (0). Thus, it follows that £7= F. It is now immediate from the linearity of the representation that M must act trivially on U= V since a is regular on M. Therefore, the proof is complete. [4] , that c7=®^fro
Fwa' where U is the irreducible (a)77-submodule of V generated by W. In particular, we have that dim.FU = p. Thus, the proof will be completed when we show that U= V. Assume that U<V. Then, dimFV>p. However, this implies by Satz 17.10, cited above, that dimpV = p2. This means that F = 0¿?r"1 Eí=¿ Fwa'ß' where A=(a, ß). Hence, it follows that x= X^?=o 23i-o wa'ß'^O is fixed by all elements of A, a contradiction to the assumption that GV(.4) = (0). Therefore, we are forced to conclude that indeed deg^) =p and the proof is complete. Proof. We argue by induction on 177|. The ground case occurs when 77 is abelian and 77= X*=o U^, where A = (a, ß) and U is a minimal «-invariant subgroup of H. In particular, U is an elementary abelian r-group where r i^q) is a prime. Also, we have by Theorem 2.3, Chapter 6 in Gorenstein [2] , that pT^q. It then follows by Theorem 4.4, Chapter 3 in Gorenstein [2] , that a centralizes each Uß and consequently 77. We now claim that a acts trivially on H/Ch(F). Let x£F. Then xa = x. Since Fis normal in H, it follows that xafl=x0£F. So, we have x" = xe"_1 =x<*"=r\ This clearly implies that [or1, g~l] ECh(F). Thus, a acts trivially on H/Ch(F). Now, it is well known that Ch(F)^F since H is solvable. Hence, a acts trivially on H/F. It now follows from the fact that | a \ =pis coprime to | Jj| that a centralizes H. Hence, we may assume that H is nilpotent.
Assume now that H contains two distinct maximal normal Ainvariant subgroups, say JlJi and M2. Then, a centralizes Mi, i=i, 2, by induction and consequently a centralizes H since H=MiM2. Thus, we may assume that H contains a unique maximal normal Ainvariant subgroup, say M. This says by Lemma 1.4 that M=&(H). Also, we have that H is necessarily an r-group, r a prime, since that Frattini subgroup contains no Hall subgroups of H. Now A cannot be a regular group of automorphisms on H/M by Lemma 1.2. However, A acts irreducibly on H/M; thus, there is a yEA* which centralizes H/M. This implies by Burnside's result-cf., Theorem 1.4, Chapter 5 in Gorenstein [2] -that 7 centralizes JJ since \y\ =p is coprime to | iJ|. Also, a centralizes M by induction. Hence, if a¥^yi, then A centralizes M since a^y* implies that A =(a, y). But, this contradicts the assumption that A is self-normalizing in G. Therefore, yi = a and the proof is complete for aECA(H). Now, if A = (a, ß), then ß is regular on H since a centralizes H and A is f.p.f. on H. Therefore, ii is nilpotent by Thompson's result-cf., Theorem 2.1, Chapter 10 in Gorenstein [2] . This completes the proof of the theorem.
Let A be a group of type (p, p) and let i^bea representation of A on a vector space V/F such that Cv(A) = (0). If char(F)=0, then A is completely reducible as an .¡4-module by Maschke's theorem. This means that if V/W is any factor module of V, then Cv/w(A) = (0). If char(F) =q^0, then we have by Theorem 2.3, Chapter 6 in Gorenstein [2] , that q^p. Thus, V is completely reducible as an .4-module and we have as above that CY/w(A) = (0) for any factor module of V. In any event, Cr/w(A) = (0). If A is faithful on Vi, then the kernel of the representation which Fi affords for G is 77i since | A | is coprime to 177|. Thus, we can apply our induction hypothesis to [G:77i]4-dimPFi to obtain that 77/77i is nilpotent. In either case, we have that H/Hi is nilpotent. Now, let 772 be the kernel of the representation which V/Vi affords for 77. By repeating the above arguments, it follows that H/H2 is nilpotent. This means that H/Hxr\H2 is nilpotent. Now, if HiC\H2 contains an element x 9a I the order of which is not divisible by char(7), then clearly x acts trivially on V since it acts trivially on Vi and V/Vi. Consequently, it follows that HiC\H2 = I unless char(7) =g=^0, since G is faithful of V, in which case HiC\H2 is a g-group. But, Hif\H2 is normal in 77 and 0,(77) =7. Therefore, HiC\H2 = 7 in either case which yields the nilpotency of 77. We thereupon may assume that G acts irreducibly on V. Now, if A* contains an element a such that Cv(a) = (0), then we have by Theorem 2.3 that 77 is nilpotent. So, assume that Cv(a) 9e (0) for all aEAf.
We now claim that the hypercenter ZB of H is trivial. This is in fact equivalent to the center Z oí H being nontrivial. Assume that Z=^7. Since Z is normal in 77 and since 0<,(77)=7, it follows that 0"(Z) =7. Now, we have by Lemma 1.2 that there is a 7G^4* such that Cz(y)yéI-Set U=Cz(j)-Clearly, U is a normal .4-invariant subgroup of 77. Consider W=Cy(y). We have by the above paragraph that Wt* (0). It is easy to see that W is an A t/-submodule of V. In particular, IF is a (cr) Z7-submodule of V where A = (7, a). Now, <r is regular on U since y centralizes U and A acts in a f.p.f. manner on 77 and hence on U. Also, a is regular on W for the same reason. It then follows by Lemma 2.1 since q does not divide |((r)i7| that CW(Z7)?í(0) and hence, Y= Cr(U)^(0). But, Fis a G-submodule of F since U is a normal A -invariant subgroup of 77. Consequently, it follows from the irreducibility of V that Y= V and we have a contradiction to the assumption that G is faithful on V. Therefore, ZV = I as claimed. This means, of course, that H is not nilpotent. Now, let L be any proper normal A -invariant subgroup of H. Since 0q(L) is characteristic in L, it is normal in H and so, 0q(L) = J. Also, AL is faithful on V. Hence, we can apply our induction hypothesis to ¡ALI + dim^F to obtain that L is nilpotent. Therefore, all proper normal A -invariant subgroups of H are nilpotent.
According to Lemma 1.1 H contains an 4-invariant Carter subgroup, say C. Let K = TX(H) denote the hypercommutator subgroup of H, the smallest normal subgroup of H with nilpotent factor group. We assert that K is a minimal normal ^. . Thus, Oq(CM)=I. We then apply our induction hypothesis to | CM\ +dimfF to obtain that CM is nilpotent. However, this implies that C<Ncm(C), a contradiction to the fact that Carter subgroups are self-normalizing subgroups. Therefore, we have established that K is a minimal normal A -invariant subgroup of H. Now, it follows that C(~\K = I since H-CK, H is not nilpotent, and K is a minimal normal 4-invariant subgroup of H. We claim that C contains no proper normal A -invariant subgroups. Assume to the contrary and let C0 be such a subgroup. Now, C0K is clearly a normal A -invariant subgroup of H and hence, CoK is nilpotent by previous arguments. This means that Cx(Co)tíJ. But, K is abelian, since it is a minimal normal yl-invariant subgroup of H, and Co is a normal A -invariant subgroup of C. Thus, it follows from the fact that 77= CK that CK(C0) 9^1 is a normal A -invariant subgroup of H. Thus, Ck(Co) -K from the minimality of K. This means that
Co is a normal A -invariant subgroup of H. In fact, this implies by Theorem 11.11, Chapter 6 in Huppert [4] , that Co^¡Zx since C is a system normalizer of H by Theorem 13.4, Chapter 6 in Huppert [4] . This obviously contradicts the assumption that ZX = I. Therefore, C contains no proper normal A -invariant subgroups as claimed. In particular, we have that C is abelian. Now, since A acts irreducibly on C and since A cannot be a regular group of automorphisms on C by Lemma 1.2, it follows that A* contains an element, say a0, which centralizes C. Thus, C^di(ao)-Now, if A = (a0, ß), then ß is regular on C#(ao) since A is f.p.f. on 77 and hence on Cf/(ao)-Hence, it follows by Thompson's result that Cä(«o) is nilpotent. We then have from the fact that C is selfnormalizing in 77 that C=C//(ao). In particular, it follows from this that «o is regular on K. Now, we let U be any irreducible (ao)i^-submodule of V. Since G acts faithfully and irreducibly on V, it follows that the kernel Ki of the representation which U affords for K is properly contained in K. Also, ao acts nontrivially on U since otherwise we would have by Lemma 1.5 that [a0, K] ^Ki<K, a contradiction to a0 being regular on K. Furthermore, we have by this same line of reasoning that dimfi7> 1. It then follows by Satz 17.10, Chapter V in Huppert, that dimFU = p since 7 is a splitting field for all subgroups of G. In addition to this, U is also an .47C-submodule by Lemma 2.2. We claim that U= V. In this respect, it is necessary and sufficient to show that Uc=U for all cEC since V is an irreducible G-module. Let j3G-<4
where A = («o, ß). Since «o centralizes C, it is clear that Uc is an (ao)-K-submodule of V and hence, is an ^47i-submodule of V by Lemma 2.2 since dimFU=p.
So, we have for each cEC that Uc = Ucß=Uß~1cß. This means that U=U[ß, c'1] for all cEC. Now, aoECo(C), and so, ß is regular on C since A is f.p.f. on C. It is well known that the regularity of ß on C guarantees that each element x of C has a unique representation of the form x= [ß, e-1]. Thus, Uc = U which establishes that U -V. In particular,
we have that dimFV = p. Now, let {71, • • ■ , 7p+i} be a complete set of generators for the p + l cyclic subgroups of A. Since, p9*q and Cy(A) = (0), it follows that F = 0^fj"i1 Cr(yi)-Consequently, it follows from dimFV=p that there is at least one 7,-such that Cr(yi) = (0). But, this implies by Theorem 2.3 that 77 is nilpotent, a contradiction to the assumption that Za -I. Whence, the proof is complete.
We denote the nilpotent length of a solvable group G by »(G). Let Ki = Ki(G) denote the ith member of the descending nilpotent series, that is, Ki is the smallest normal subgroup of G such that n(G/Ki) a*-We now prove the main result of this paper. Theorem 2.5. Let A be a group of type (p, p) which is a f.p.f. coprime operator group on a solvable group G. Then, n(G) l%\2.
Proof. Assume that the theorem is false and let G be a counterexample of minimal order.
Consider K2 and let Lt^I be any normal A -invariant subgroup of G such that L^K2. Now, we have by Lemma 1.3 that A acts in a f.p.f. manner on G/L and so, n(G/L) =i 2 by the minimality of G. Since K2 is the smallest normal subgroup of G such that n(G/K2) g2, it follows that K2^L. Thus, K2 contains no nontrivial normal Ainvariant subgroups of G properly. In particular, K2 is an elementary abelian g-subgroup of G, q a prime.
Let Jii be the hypercommutator subgroup of G and let C be an A -invariant Carter subgroup of Ki. Now, G<JCi since Ki is not nilpotent. Set N=Na(C) and let g£G. Then, C"<KX since Ki is normal in G. But, all Carter subgroups of Ki are conjugate in Ki. So, there is an x£Jii such that C" = Cx. In fact, we can choose x so that xEK2 since Ki = CK2. Thus, it follows that gx_1£N. This means that G = NK2. Now, it is clear that N is an 4-invariant subgroup of G since C is an A -invariant subgroup. Thus, NC\K2 = I since K2 is a minimal normal 4-invariant subgroup of G and G = NK2. We now claim that K2 is self-centralizing in G. This is equivalent to T= Cn(K2) = J. Assume that Tj^I. Since Fis a normal 4-invariant subgroup of N and T centralizes K2, it follows that F is a normal A -invariant subgroup of G. We then have by the minimality of G that n(G/T)^2.
This means that K2^T since K2 is the smallest normal subgroup of G such that n(G/K2) £2. This clearly contradicts N(~\K2 = I. Thus, T = I as claimed. Now, set U-Oç(N) and assume that U^I. Since UK2 is a g-group, it follows that Ck2(U) f* J. However, U is a normal .4-invariant subgroup of N; consequently, Ck2(U) is a normal A -invariant subgroup of G since K2 is abelian. This means that K2 = Cki(U) because of the minimality of K2. However, this is a contradiction to K2 being selfcentralizing in G. Therefore, U=Oq(N)=I.
We now view K2 as a vector space over Z4 and consider the representation which it affords for the semidirect product AN oí A over N. Since N is not nilpotent and since A is f.p.f. on N it follows by Lemma 1.5 that A is faithful on K2. Hence, it follows that the kernel of the representation is contained in N since | -<41 is coprime to \N\. Thus, the representation is faithful since K2 is self-centralizing in G = NK2. Finally, A is clearly self-normalizing in AN since A acts in a f.p.f. manner on N. It thereupon follows by Theorem 2.4 that N is nilpotent which contradicts our assumption that the theorem is false, and the proof is complete.
